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THE STRUCTURE OF PROJECTIVE MAPS BETWEEN REAL 
PROJECTIVE MANIFOLDS 

ANDREW M. ZIMMER 


Abstract. In this paper we study the set of projective maps between com¬ 
pact proper convex real projective manifolds. We show that this set contains 
only finitely many distinct homotopy classes and each homotopy class has the 
structure of a real projective manifold. When the target manifold is strictly 
convex, our results imply that each non-trivial homotopy class contains at most 
one projective map. These results are motivated by the theory of holomorphic 
maps between compact complex manifolds. 


1. Introduction 

A real projective structure on a manifold M is an open cover M = U a U a along 
with coordinate charts ip a : U a —> P(R d+1 ) such that each transition function 
ip a °ipp coincides with the restriction of an element in PGLd+i(R). A real projective 
manifold is a manifold equipped with a real projective structure. Precise definitions 
are given in Section [3] 

An important class of real projective manifolds are the so-called convex real 
projective manifolds. These are the real projective manifolds that can be identified 
as a quotient M = r\fi where T < PGLd+i(R) is a discrete group acting properly 
discontinuously and freely on a convex open set SI C P(R d+1 ). Such a manifold is 
called proper if $7 is a proper convex set and strictly convex if ST is a strictly convex 
set. More background can be found in the survey papers by Benoist [Ben08| . 
Goldman )Gol09j . Marquis [Marl3] , and Quint |QuilO| . 

Many compact manifolds have a convex real projective structure, for instance: 
every real hyperbolic manifold; the locally symmetric spaces associated to SLd(R), 
SL^(C), SLrf(H), and £^(- 2 6)1 many examples in low dimensions (see for instance 
|Ben061 [~Vin7 1 1 ITK67| i: and Kapovich |Kap07| has shown that many of the Gromov- 
Thurston examples of manifolds with negative curvature have a strictly convex real 
projective structure. Moreover, some of these examples have a non-trivial moduli 
space of real projective structures. 

A projective map f : M\ —> M 2 between two projective manifolds is a map where 
p a ° f °4’p 1 is the restriction of a projective map for any coordinate chart (fp of M\ 
and ip a of M 2 . Let Proj(Mi, M 2 ) denote the space of projective maps endowed with 
the compact-open topology and let Aut(M) denote the projective homeomorphisms 
M -A M. 
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In this paper we study the set of projective maps between proper convex real 
projective manifolds. One of our main results is the following finiteness theorem: 

Theorem 1.1. Suppose M i and M 2 are compact proper convex real projective man¬ 
ifolds. If M 2 is strictly convex then the set of non-constant maps in Proj(Afi, M 2 ) 
is finite. Moreover, each non-trivial homotopy class contains at most one real pro¬ 
jective map. 

Benoist IBen04j has shown that the fundamental group of a compact strictly 
convex real projective manifold is Gromov hyperbolic and for such structures there 
is a natural geodesic flow which is Anosov. So, in some sense, strictly convex real 
projective manifolds can be thought of as being negatively curved. Thus Theo¬ 
rem o can be seen as a real projective analogue of the finiteness of isometries 
of a negatively curved compact manifold [Boc46l or the uniqueness of harmonic 
maps in a homotopy class when the target manifold is compact and negatively 
curved (Har67_. 

The two non-equivalent real projective structures on T d , the d-torus, show that 
both properness and strict convexity are necessary in Theorem 11.11 First, we can 
identify T d with Fi\Gi where 

Hi := {[1 : X! : ■ ■ ■ : x d ] : aq,..., x d G K} 

and 

r, :>{(“- *):*€*} . 

This structure is not proper and the real projective automorphism group of M\ 
coincides with SLd(Z), a non-compact group. We can also identify T d with r 2 \H 2 
where 

fl 2 := {[1 : X\ : • • • : Xd] : Xi > 0 for 1 < i < d} 

and 



/ e Zl 

) 

: z l9 . 

■ ■ , Zd+i G Z . 


\ 

e Zd+1 j 


J 


This structure is proper but not strictly convex. Here the real projective automor¬ 
phism group coincides with Syrn(d) k T d where Sym(d) is the symmetric group on 
d symbols. In particular, the automorphism group is compact but not discrete. 

These two examples reflect the general theory: properness will always imply the 
set of projective maps is compact while strict convexity will imply discreteness. 

Every proper convex real projective manifold has a complete metric called the 
Hilbert metric (defined in Section [5j) and Kobayashi |Kob77j proved that every 
projective map is distance decreasing with respect to the Hilbert metrics. The 
distance decreasing property immediately implies that the set of projective maps 
between two compact proper convex real projective manifolds is pre-compact. A 
simple argument will actually show that it is compact. 

Proposition 1.2. Suppose Mi and M 2 are compact proper convex real projective 
manifolds. Then Proj(Afi, Af 2 ) is compact. In particular, only finitely many homo¬ 
topy classes can be represented by a real projective map. 
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As mentioned above, strict convexity is responsible for the set of projective maps 
being discrete. The idea is to lift two homotopic maps /i ,/2 : IT\fii — > r 2 \ll 2 to 
maps fi, f 2 : fii — > fl 2 and then study the induced maps of the boundaries. Using 
the strict convexity and the asymptotic geometry of the Hilbert rnetic we will show 
that the two maps agree on the boundary which will imply that they agree on the 
interior. 

In the case in which the target manifold is not strictly convex we have no guar¬ 
antee of discreteness, but we can show that each connected component has a real 
projective structure. For a map / 0 : Mi —> M 2 between two real projective mani¬ 
folds define the set 


[/o] := {/ e Proj(Mi,M 2 ) : / ~ / 0 } . 


Theorem 1.3. Given a non-constant projective map fo : M\ —> M 2 between two 
compact proper convex real projective manifolds the set [/o] is either {/o} or has the 
structure of a compact proper convex real projective manifold which is compatible 
with the compact-open topology. Moreover, with this structure for any fixed m £ Mi 
the map 


is projective. 


f £ [fo] -t /(m) £ M 2 


As a corollary to the proof of Theorem ll.il we will establish: 


Corollary 1.4. Given a non-constant projective map f : Mi —>• M 2 between two 
compact proper convex real projective manifolds either [f] = {/} or /*(7Ti(Mi, m)) 
has non-trivial centralizer in 7Ti(M 2 , f(m)). 

Given a linear map T : R dl —> R d2 one can always find a surjective linear map 
S : R dl —> R r and an injective linear map / : R r -A R d2 so that T = I o S. As the 
next result shows an analogous result holds for projective maps and the surjective 
map can be chosen to depend only on the homotopy class. 


Proposition 1.5. Suppose that fo : Mi —> M 2 is a non-constant projective map 
between two compact proper convex real projective manifolds. Then there exists a 
compact proper convex real projective manifold N and a surjective projective map 
p : Mi —> N with the following property: if f £ [/o] then there exists a locally 
injective projective map f : N —> M 2 with f = fop. 


Given fo : Mi —>■ M 2 a non-constant projective map between two compact 
proper convex real projective manifolds there are two obvious ways for [/o] to be 
infinite. First the projective automorphism group of Mi could be infinite and then 
{/o°^:t£l}C [/o] for any one-parameter subgroup of Aut(Mi). Second fo 
could factor through a product Mi —> Mi x L —> M 2 ■ Then if the map Mi xl-> M 2 
is projective on each fiber we again have infinitely many maps in [fo]. The next 
theorem shows that these are essentially the only two possibilities: 

Theorem 1.6. With the notation in Proposition 1 1. ,51 [fo] ^ {/o} if and only if 
either 

(1) Aut(./V) is infinite 

(2) there exists a compact proper convex real projective manifold L and a con¬ 
tinuous locally injective map F : N x L —» M 2 such that 

(a) for any fixed t £ L the map n £ N —>• F(n, t) is projective, 
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(b) for any fixed n £ N the map F(n, £) is projective, and 

(c) there exists to £ L such that /o(m) = F(p(m),£o) for all m £ M\. 

Remark 1.7. 

(1) In general a product of real projective manifolds does not have a real pro¬ 
jective structure and so F being projective on each fiber is the best one can 
expect. 

(2) If [fa] ^ {/o} then we know from Corollary 11.41 that (/o)*(tti(A/i,to)) has 

non-trivial centralizer C in fa[m)). The first case happens when 

c C (/o)*(7Ti(A/i,to)) ^ 1 

while the second case happens when 

Cn (/o)*(7Ti(Mi,to)) = 1. 

(3) As we will see, the manifold L coincides with [/ 0 ] and the map F is simply 
F(n, £) = £(n). 

1.1. A characterization of proper convex real projective manifolds. The 

starting point in this study is Proposition 11.21 which uses the distance decreasing 
property of the Hilbert metric. The Hilbert metric is usually only defined for 
convex real projective manifolds (see Section [5]), but in fact every real projective 
manifold has a natural pseudo-metric. In particular, Kobayashi )Kob771 introduced 
the following Finsler pseudo-metric on a real projective manifold 

hu b (P ; v) = inf{|£| : / : (-1,1) -» M is projective, /(0) = p, df 0 (0 = u} 
and the integrated pseudo-distance 

#M b (p, q) = inf | J hM h (a(t); a'{t))dt : a : [0,1] —»• M is C°°, ct(0) = p, <r(l) = q 

By definition these metrics are distance decreasing with respect to projective maps. 
Moreover, Kobayashi proved that for convex real projective manifolds this metric 
coincides with the Hilbert metric. One could then hope to generalize the results 
of this paper to the real projective manifolds for which this pseudo-metric is non¬ 
degenerate. Unfortunately Kobayashi proved the following: 

Theorem 1.8. |Kob77l Suppose M is a compact real projective manifold. Then 
the following are equivalent: 

(1) If A C P(R 2 ) is an affine chart then every real projective map A —>• M is 
constant, 

(2) -ffk° b is non-degenerate, 

(3) M is a compact proper convex real projective manifold. 

1.2. Complex Manifolds. Some of the results above are motivated by the theory 
of holomorphic maps between complex manifolds. In particular, any complex man¬ 
ifold has a possibly degenerate metric called the Kobayashi metric. The Kobayashi 
metric has the remarkable property that any holomorphic map / : M\ —>• M 2 
is distance decreasing. In some cases, for instance complex projective space, the 
Kobayashi metric is trivial but when it is an actual metric one can use this distance 
decreasing property to establish compactness of holomorphic maps. Moreover for 
compact manifolds, there is a simple (to state) characterization due to Brody of 
when the metric is non-degenerate. 






MAPS BETWEEN REAL PROJECTIVE MANIFOLDS 


5 


Theorem 1.9. [Bro781 Theorem 4.1] Suppose M is a compact complex manifold. 
Then the Kobayashi metric is non-degenerate if and only if every holomorphic map 
C — > M is constant. 

So Theorem 11.11 can be seen as an analogue of the following theorem in complex 
analysis: 

Theorem 1.10. |Kob701 pg. 70] Suppose M is a compact complex manifold. If 
every holomorphic map C —> M is constant then the group of bi-hilomorphisms of 
M is finite. 

We should remark that the standard proof Theorem ll.lOl is different from the ar¬ 
guments in our paper. Bochner and Montgomery proved that the bi-holomorphism 
group of an compact complex manifold is a complex Lie group |BM47I . In the case 
in which the Kobayashi metric is non-degenerate, it acts by isometries and thus 
will be compact Lie group. Then the group is either finite or contains a complex 
one-parameter group {exp(zX) : z £ C}. In the latter case, for a generic m £ M 
the map 2 —>• exp(zX) ■ to is a non-constant holomorphic map of C —>• M which is 
impossible when the Kobayashi metric is non-degenerate. 

One might hope to simply repeat the proof of Theorem ll.lOl in the real projective 
setting. However, this will have little hope of succeeding because the projective 
automorphism group of T d with its proper projective structure need not be finite. 

Acknowledgments. I would like to thank Benson Farb for many helpful con¬ 
versations, in particular explaining why the set of bi-holomorphisms between two 
compact hyperbolic surfaces is finite and asking whether a similar result holds for 
real projective manifolds. This material is based upon work supported by the Na¬ 
tional Science Foundation under Grant Number NSF 1045119 and Grant Number 
NSF 1400919. 


2. Notation 

Given some object o we will let [o] be the projective equivalence class of o, for 
instance: if v £ R d+1 \{0} let [u] denote the image of v in P(R d+1 ), if cj> £ GLd+i(R) 
let [c t>\ denote the image of (f in PGLd+i(R), and if T £ Lin(R dl+1 ,R d2+1 ) \ {0} let 
[T] denote the image of T in P(Lin(R dl+1 , R d2+1 )). 

3. Convex real projective manifolds 

A real projective atlas on a second countable Hausdorff space M is a pair (7/, 4>) 
where U = {U a } is an open covering of M and $ = |</> a : U a —> P(R d+1 )| is a 

collection of homeomorphisms onto open sets of P(R d+1 ) such that <p a o is the 
restriction of some element of PGLd+i(R) to <j>p(U a H Up). Given an atlas, a pair 
(U a , 4>a) is called a chart on M. 

Definition 3.1. A real projective structure on a second countable Hausdorff space 
M is a maximal projective atlas (7/,$). A topological space M equipped with a 
projective structure is called a projective manifold. 

If / : M —» N is a local diffeomorphism and N has a real projective structure, 
there is a unique real projective structure on M making the map / : M —> N 
a projective map (see below). So if M is a projective manifold, we can lift the 
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projective structure to the universal cover M of M. Then fixing a base point 
a?o £ M over some xq £ M we can use our charts to define a homomorphism 
hoi : Xo ) —> PGLd + i(R) called the holonomy map and a local diffeomorphism 

dev : M —> P(M d+1 ) called the developing map. In general these maps are only 
defined up to conjugation in PGLd+i(R) and the developing map will be equivariant 
with respect to the holonomy map. All these definitions come from the general 
theory of geometric structures on manifolds and details can be found in [G 0 I 88 I 
Section 2]. 

A set S7 C P(R d+1 ) is convex if Lnf7 is connected and LnS7 y L for any projective 
line L C P(R d+1 ). A convex set S7 is proper if L n S7 ^ L for any projective line 
L C P(R d+1 ). Finally a convex set f2 is called strictly convex if the intersection of 
dfl with any projective line is at most two points. It is possible to show that 17 is 
a proper convex open set if and only if there exists an affine chart containing 17 as 
a bounded convex open set. 

Definition 3.2. A projective manifold M is called convex if the developing map 
dev : M —»• P(M d+1 ) is a diffeomorphism onto a convex open set S7 in P(R d+1 ). A 
convex projective manifold is called proper if 17 is a proper convex set. A convex 
projective manifold is called strictly convex if ST is a strictly convex set. 

By definition every convex real projective manifold M can be identified with a 
quotient T\S7 where 

S7 := dev(M) C P(R d+1 ) 

is a convex open set and 

T := holMM,^)) < PGL d+ 1 (R) 

is a discrete group which acts properly discontinuously and freely on 17. 

3.1. Projective maps. Given two real projective manifolds Mi and M 2 , we say 
a map / : M\ —> M 2 is a projective map if for each chart (j> a : U a —>• P(R dl+1 ) 
on Mi and chart <j>p : Vp —> P(R d2+1 ) on M 2 , the composition <f>p o f o c/)- 1 
coincides on <j) a (U a D / - 1 (V/ 3 )) with some map of the form x —> T(x) where 
T £ P(Lin(R dl+ 1 ,R d2+1 )). 

As the next result shows when Mi = Fi\S7i and M 2 = T 2 \S 72 are convex real 
projective manifold any projective map / : Mi —> M 2 can be lifted to a projective 
map T : S7i —> S 72 - 

Proposition 3.3. Suppose Mi = ri\S7i and M 2 = T2\S72 are convex projective 
manifolds and f : Mi —> M 2 is a non-constant projective map. Let y : STi —>■ ST 2 be 
a lift of f. Then 

( 1 ) / : STi —»• S 72 is a projective map, 

(2) there exists a unique T £ P(Lin(M' ll+ 1 ,R d2+1 )) such that 

f{p) = T{P ) for all p £ S7i, 

(3) there exists a non-trivial homomorphism p : Ti —> T 2 such that 

Thp) = ph)T(p) 

for all p £ S7i and 7 £ Ti, 

(4) [kerT] is Ti-invariant. 
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Remark 3.4. Suppose .Si, S 2 £ Lin(R dl+ 1 ,R d2+1 ) are two rank one linear maps with 
the same image but ker Si 7 ^ ker S 2 . If Hi is a convex open set and [ker Si U ker S 2 ] 
does not intersect Hi then [Si] and [S 2 ] induce the same projective map on Hi even 
though [Si] 7 ^ [S 2 ] as elements of P(Lin(R dl+1 , R d2+1 )). This example leads to the 
assumption that / is non-constant in Proposition 13.31 


We begin the proof of the proposition with some lemmas. 

Lemma 3.5. Suppose Hi C P(R dl+1 ) and H 2 C P(R d2+1 ) are proper open convex 
sets. /// : Hi — 7 H 2 is a projective map then there exists T £ P(Lin(R dl+1 , R d2+1 )) 
such that f(p) = T(p) for all p £ Hi. 


Proof. This follows from the fact that (Hi,Id) and ( 02 ,Id) are charts on Hi and 
H 2 respectively. □ 

Lemma 3.6. Suppose T £ P(Lin(R dl+ 1 ,R d2+1 )) is a map with rank at least two. 
Then 

[kerT] = {x £ P(R dl+1 ) : lim T(y) does not exist}. 

y^x 


Proof. Since the map x -A T(x) is well defined and analytic on P(R dl+1 ) \ [kerT] 
we have the D direction. 

Now suppose v £ kerT. Since T has rank at least two there exists ei,e 2 £ 
R dl+1 \kerT such that T([ei]) 7 ^ T([e 2 ]) then 


lim T 


-ei 


= T([ei}) ^ T([e 2 ]) = lim T 


-e 2 


□ 


Lemma 3.7. Suppose Ti,T 2 £ P(Lin(R dl+1 , R d2+1 )) each have rank at least two. 
If there exists an open set U C P(R dl+1 ) such that Ti(x) = T 2 (x) for all x £ U 
then T\ = T 2 . 

Proof. Since Ti and T 2 each have rank at least two, the set V = P(R dl+1 ) \ [kerTi U 
kerT 2 ] is connected. Moreover x —» Ti(x) and x —>• T 2 (x) are analytic on V. Since 
they agree on an open set, they must agree on all of V. Then using Lemma 13.61 we 
see that kerTi = kerT 2 and then that Ti(x) = T 2 (x) for all x £ P(R rfl+1 ) \ [kerT)]. 
This implies that Ti = T 2 . □ 

Proof of Proposition 1 3. 3\. For i £ {1,2} let tt, : fi 7 ; —> Mi be the covering map. 
Notice that ~k\ and 7 r 2 are projective maps and local diffeomorpliisms. Since 7 r 2 o/ = 
/ o 7 Ti and the projectivity of a map is a local condition we see that / is projective 
as well. By Lemma T3. 5 1 there exists T £ P(Lin(R dl+1 , R d2+1 )) such that 

T ip) = f(P ) for all p £ Hi. 

Since / is non-constant, T has rank at least two. Thus, by Lemma 13.71 T is unique. 
Since / is a lift of / there exists a homomorphism p : Ti —>• T 2 such that 

T(jp) = Jiip) = Pil)f(p) = p(l)T(p) 

for all p £ Hi and 7 G Ti. We claim that p is non-trivial. Fix some p £ H. By 
Lemma 15.81 


Ext (Hi) cr r p. 
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Then if p was trivial, we would have that T(Ext(fli)) = T(p) which would imply 
that T(f2 1 ) = T(p). But this is impossible since / is non-constant. 

Now assume 7 € Ti. Then (T o 7 )(n) = (ply) o T)(p) for all pelli. Hence by 
Lemma EUl (T 07 ) = (p( 7 ) o T). Then 

7 _ 1 [kerT] = [ker(T 07 )] = [ker(p( 7 ) oT)] = [kerT]. 

Since 7 6 Tj was arbitrary this implies that [kerT] is Ti-invariant. □ 

4. Convex cones, irreducibility, and lifting projective maps 

At times it will be helpful to work in affine space instead of projective space. To 
this end, suppose M = T\fl is a compact proper convex real projective manifold. 
Since ft is convex the preimage of H under the map R d+1 \{0} —> P(R d+1 ) has two 
components C and — C. Each component is a convex open cone which does not 
contain any affine lines. Let 

r = { 7 G SL± + 1 (R) : 7 (C) = C and [ 7 ] e T} 

where 

SL± + 1 (R) = {7 G GL d+ 1 (R) : det( 7 ) = ±1}- 

Notice that the map 7 —> [ 7 ] induces an isomorphism T —>• T, since Cfl(—C) = 0 
and so 7 and —7 cannot both preserve C. Now let 

A := (T, eld) = Tx Z 

then A is discrete and acts co-compactly on C. 

4.1. Reducibility. 

Definition 4.1. 

(1) A convex cone C C R d+1 is called proper if C does not contain any affine 
lines. 

(2) A proper convex cone C C R d+1 is called reducible if there exists a decom¬ 
position R d+1 = V\ © V 2 and proper convex cones C\ C V± and C 2 C V 2 
such that 


C — Ci + C 2 — {(ci, C 2 ) : Ci € Ci, C 2 G C 2 }. 

A proper convex cone is irreducible if it is not reducible. 

Vey proved that when M = T\H is a proper convex real projective manifold and 
Q is irreducible then a discrete lift of T acts irreducibly on R d+1 . More precisely: 

Theorem 4.2. |Vey70[ Theorem 3, Theorem 5] Suppose C C is a proper 

convex open cone and A < GLd+i(R) is a discrete group acting co-compactly on C. 
Then there exists a A-invariant decomposition R d+1 = V± © V 2 ® • • ■ © 14 such that 

(1) A acts irreducibly on each Vi 

( 2 ) for each 1 < i < k there is a proper convex cone Ci C Vi such that 


C — Ci + ■ • • + Ck ■ 
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4.2. Lifting projective maps to linear maps. Now suppose that M\ = Fi\fli 
and M 2 = r 2 \f ^2 are two compact proper convex real projective manifolds. If / : 
Mi —>• M 2 is a non-constant projective map then let T : S2i —> 0,2 and p :T 1 —> 
be the maps from Proposition 13.31 Let Ci,C 2 be cones above Hi,H 2 and Ai, A 2 be 
the groups constructed at the start of this section. Now we can lift p : Ti —> T 2 
to a homomorphism r : Ai —t A 2 and the projective map T : S2i —>• £^2 to a linear 
map S : Ci —» C 2 so that 

S{<j>p) = t(4>)S(jp) 

for all (j> G Ai and p G C\. 


5. The Hilbert metric 

For distinct points x,y G P(R. d+1 ) let xy be the projective line containing them. 
Suppose LI C P(R d+1 ) is a proper convex open set. If x,y € Q let a,b be the two 
points in xy fl dil ordered a, x, y , b along xy. Then define 


dsi(x,y) = log [a,x,y,b] 


where 


[a, x, y, b] 


\x ~ b \ I y - g| 

\x - ally - b\ 


is the cross ratio. 

For an open set fl C P(R d+1 ) define 

Aut(fl) = {p € PGLd+i(R) : <p(fi) = H}. 


Proposition 5.1. (see for instance [Gol09l Corollary 3.4]) Suppose H C P(R d+1 ) 
is a proper convex open set. Then do, is a complete Aut(fl )-invariant metric on H 
which generates the standard topology on H. 


As an immediate corollary we have: 

Corollary 5.2. Suppose f 2 C P(R d+1 ) is a proper convex open set. Then Aut(fl) < 
PGLd+i(K) is a closed Lie subgroup which acts properly on LI. 

If M = T\Ll is a proper convex real projective manifold and tt : Q —> M is the 
covering map then we can define 

d M (p,q) = inf {dn{p,q) : p € 7r _1 (p) and q G 7r _1 (y)} . 

Then dM will be a complete metric invariant under the projective automorphisms 
of M. Kobayashi proved the following distance decreasing property of the Hilbert 
metric: 


Lemma 5.3. |Kob77] Suppose f : Mi —t M 2 is a projective map of two proper 
convex projective manifolds. Then 

dM 2 {f(p),f(q )) < d Ml {p,q) 

for all p,q G Mi. 


A proof of Lemma 15.31 can also be found in lGol09[ Proposition 3.3]. 
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5.1. The asymptotic geometry of the Hilbert metric. There are deep connec¬ 
tions between the shape of dfl and the asymptotic geometry of the Hilbert metric 
on B (see for instance [Ben03l lBen04l ICral4l 1KN021 ). The next two observations 
are well known but since the proofs are short we will include them. 

Definition 5.4. A line segment in P(R <i+1 ) is a connected subset of a projective 
line. 

Lemma 5.5. Suppose B C P(R d+1 ) is a proper convex open set and p n £ fl is a 
sequence with p n —> p £ dfl in the ambient topology o/P(R d+1 ). If q n £ Q is a 
sequence such that q n —>• q and lim^^oo da(p n , q n ) < +oo then either 

(1) p = q or 

(2) p and q are in the interior of a line segment in dPl. 


Proof. Let {a n ,b n } = 5B C\p n q n labelled so that 

I Pn ^n| | Qn 


dn(Pn,q n ) = log 


I Pn n n | \q n b n 


We may suppose that p ^ q (otherwise there is nothing to prove). By passing to 
a subsequence we can suppose that a n —> a and b n —» b. Since p ^ q we see that 
a q and b ^ p. Then 

lim d n (Pn, q n ) = log (|p - 6| \q - a|) + lim log T -^- — 

n^-oo n—too |p-a„||q-0 n | 


Since the limit is finite, we must have that p ^ a and q ^ b which implies that p 
and q are in the interior of a line segment with end points a and b in <9B. □ 

Definition 5.6. Suppose B is a proper convex open set. The extreme points of B, 
denoted Ext(B), are the points in 9B which are not contained in the interior of a 
line segment in dfl. 

Remark 5.7. If B C P(R d+1 ) is a proper convex open set then there exists an affine 
chart of P(R d+1 ) which contains B as a bounded convex open set. In this affine 
chart f £ Ext(B) if and only if £ is an extreme point of B in the usual sense. 

Lemma 5.8. Suppose B is a proper convex open set and G < Aut(B) is a subgroup 
which acts co-compactly on B. Then Ext(B) C G • x for every x £ B. Moreover, if 
G does not have any invariant proper projective subspaces then Ext(B) C G ■ x for 
every x £ B 

Remark 5.9. By Theorem 14.21 if M = T\B is a compact proper convex real pro¬ 
jective manifold and B is irreducible then T will not have any invariant proper 
projective subspaces. 

Proof. Suppose that £ £ Ext(B) is an extreme point in <9B. Then there exists 
p n £ B such that p n —> £. Fix some Xo £ B, then we can find a sequence ip n £ G 
such that 

d(l(VnX0,Pn) < R 

for some R < oo. Now for any x £ B we have 

dn(tp n x,p n ) < dn(tp n x,tp n x 0 ) + dn(Pn^o,P«) < dn(x,x 0 ) + R. 
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And so Lemma 15.51 implies that ip n x —>• £. Since £ was an arbitrary extreme point, 
this completes the proof in the case in which x £ H. 

Now suppose that G does not have any proper invariant projective subspaces. 
Let (p n £ GLd+i(R) be representatives of p n such that ||^„|| = 1. By passing to 
a subsequence we can suppose that p n —>■ S in End(R d+1 ). Now if x £ P(R d+1 ) \ 
[herS 1 ] then [S'] (a;) = lim,^;*, p n x. But we know that <p n x —> £ for all x £ H. Since 
H is an open set this implies that Im(S) = £ (viewing £ as a line in R d+1 ). 

Now suppose that x £ 9fi. Since G has no proper invariant projective subspaces 
there exists (j) £ G such that (f>x ^ [kerS]. Then ip n (f>x —> [S](ir) = £. Since £ was 
an arbitrary extreme point, this completes the proof. □ 

5.2. The Hilbert metric on a convex cone. Recall that a convex open cone 
C C K d is called proper if C does not contain any affine lines. If C C is a proper 
convex open cone and we view K. d as an affine chart of P(R d+1 ) then C will be a 
proper convex open set of P(R d+1 ). In particular, C has a Hilbert metric dc which 
has all the properties established above. 


6. Proof of Proposition 11.21 

Suppose Mi = Pi\Hi and M 2 = r 2\^2 are compact proper convex real projec¬ 
tive manifolds and f n : M\ —> M 2 is a sequence of projective maps. By Lemma [5731 
each f n is distance decreasing with respect to the Hilbert metric, so we may pass 
to a subsequence so that f n —> f in the compact-open topology. 

We claim that / is projective. This follows immediately from the local version of 
the fundamental theorem of projective geometry, but we will provide a direct proof. 
First lift each f n to a projective map /„ : Hi —>- H 2 . By choosing the lifts correctly, 
we may assume that /„—>•/ where / is a lift of /. Now by Proposition 13.31 there 
exists T n £ P(Lin(R dl+ 1 ,R d2+1 )) so that f n (p) = T n (p ) for all p £ Hi. We can pick 
a representative S n £ Lin(R <il+1 , R d2+1 ) of T n so that ||S’ T1 || = 1 and then pass to 
a subsequence so that S n —>■ S in Lin(K dl+ 1 ,R da+1 ). Then for p £ Q, 1 \ [kerS 1 ] we 
have that f(p) = [5](p). By Lemma IOI 

dn 2 (f(p)J(q)) < da 1 (p, q) 


for all p,q £ Hi. Since / and [S'] agree on Hi\[kerS] we see that 


{a; £ 


Hi : lim[S](ai) does not exist} = 

y^x 


So by Lemma l3Rl we see that Hi 0 [ker S] = 0 and hence that / is a projective map. 
Since / is a lift of / we then see that / is a projective map. 

Finally, since M 2 is compact each homotopy class is open in the space of contin¬ 
uous functions and so the set of projective maps from Mi to M 2 can contain only 
finitely many distinct homotopy classes. 


7. Proof of Theorem 11.31 

Suppose Mi = Pi\Hi and M 2 = T 2 \fi 2 are compact proper convex real projec¬ 
tive manifolds and /o : Mi —>■ M 2 is a projective map. As in Subsection 13.11 we 
can lift /o to a map To : ^1 ~^ ^2 and To is p-equivariant for some homomorphism 

p '■ -t r 2 - 
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Let 

Proj(f>i,r> 2 ) c P(Lin(R dl+ 1 ,R d2+1 )) 

be the space of projective maps with T(S2i) C ■ Now r 2 acts on Proj(fli, fl 2 ) by 
(</5 • T)(x) = p ■ (T(x)). The action is proper and co-compact because the action of 
r 2 on n 2 is proper and co-compact. 

Next let 

Proj(f2i, fl 2 ) p C Proj(fli, fl 2 ) 

be the subset of p-equivariant projective maps. Given any / £ [fo] we can lift / to a 
p-equivariant projective map T : fli —>- fl 2 . Conversely any p-equivariant projective 
map T : fli —>■ fl 2 descends to a projective map / : Mi —> M 2 which is homotopic 
to fo. In particular we can identify [/o] with 

G\Proj(fi 1 ,n 2 ) p 

where G := {7 £ T 2 : 7 Proj(fli, fl 2 ) p = Proj(fli, fl 2 ) p }. Since fo is non-constant, 
Proposition 13.31 implies that p is non-trivial. Thus each T £ Proj(fli,0 2 ) p is non¬ 
constant and has rank at least two. Thus by Lemma l3.7l the compact-open topology 
on [/o] coincides with the quotient topology on G\ Proj(fli, 0 2 ) p . 

Now for <p £ r 2 let p v : Pi —>■ P 2 be the homomorphism p v { 7 ) = <pp( 7 )<p _1 . 
Then 

<pProp(fli, fl 2 ) p = Prop(fli, fl 2 ) p,p 
so G = Cr 2 (p(Pi)) and [/ 0 ] can actually be identified with 

Gr 2 (p(ri))\Proj(fI 1 ,fi 2 ) p . 

All of these observations reduce Theorem II.31 and Corollary II.41 to: 

Proposition 7.1. Suppose that Prop(fli, fl 2 ) p contains at least two distinct maps. 
Then Proj(f2i, fl 2 ) p is a proper convex open set of positive dimension in some 
projective subspace P of P(Lin(R dl+ 1 ,R d2+1 )). Moreover, C'r 2 (p(Pi)) acts co- 
compactly on Proj(fli, fl 2 ) p . 

The Proposition will follow from a series of Lemmas. 


Lemma 7.2. The space 


[/ 0 ]=Gr 2 (p(ri))\Proj(fI 1 ,Ll 2 ) p 


is compact. 


Proof. Given a sequence f n £ [/o] we can use Proposition 11.21 to pass to a subse¬ 
quence so that f n f where / : Mi —>• M 2 is projective map. Since M 2 is compact 
each homotopy class is open, so for n large /„ is homotopic to /. Thus / £ [fo]- 
Since /„ was an arbitrary sequence in [fo] we see that [fo] is compact. □ 


It remains to show that Proj(Sli, fl 2 ) p is a proper convex open set of positive 
dimension in some projective subspace P of P(Lin(R dl+1 , R d2+1 )). To establish this 
it will be helpful to work in the affine world. 

Let Ci and C 2 be proper convex open cones above Oi and fl 2 respectively. As 
in Section [4] we can lift each to a discrete group A i < Aut(Ci) which acts 
freely, properly discontinuously, and co-compactly on Ci. We can also lift p to 
a homomorphism r : Ai —> A 2 and To to a linear map So '■ Ci —> C 2 which is 
r-equi variant. 
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Now let Lin(Ci,C 2 ) r be the set of r-equivariant linear maps with S(C 1 ) C C 2 . 
Then there is a natural map 

7 T : Lin(Ci,C 2 ) T —>■ Proj(f7i, fl 2 ) p - 

Clearly any map T G Proj(fIi, fl 2 ) p can be lifted to a map S G Lin(Ci,C 2 ) T and so 
7 T is onto. 


Lemma 7.3. If S \, S 2 G Lin(Ci,C 2 ) r then there exists R > 0 so that 

dc 2 (S 1 (x),S 2 {x)) < R 

for all x G Ci. 

Proof. This follows from the fact that Ai acts co-compactly on C\ and the fact that 
both maps are r-equivariant. □ 


Lemma 7.4. If there exists two distinct Ti,T 2 G Proj(fii, Cl 2 ) p then Proj(fl!, fl 2 ) p 
is a proper convex open set of positive dimension in some projective subspace P of 
P(Lin(R dl+1 , R d2+1 )). 

Proof. With the notation above, let V < Lin(R dl+1 ,R d2+1 ) be the smallest linear 
subspace which contains Lin(Ci,C 2 ) r . It is enough to show that Lin(Ci,C 2 ) r is an 
open proper convex cone in V. 

Notice that Lin(Ci,C 2 ) T cannot contain any affine lines because C 2 is proper. 
Moreover, Lin(Ci,C 2 ) r is closed under scalar multiplication by a positive number. 
Thus we only need to show that Lin(Ci,C 2 ) T is an open convex subset of V. To 
establish this it is enough to prove: for any Si,S 2 G Lin(Ci,C 2 ) T there exists e > 0 
such that 

XSi + (1 — X)S 2 G Lin(Ci,C 2 ) r 

for every A G (—e, 1 + e). 

So suppose that Si,S 2 G Lin(Ci,C 2 ) r . Since C 2 is open and convex, for any 
p G Ci there exists a maximal S(p) G (0,oo] such that 

\Si(p) + (l-\)S 2 (p) GC 2 

for A G (—6(p), 1 + <5(p)). 

We claim that S(p) is bounded from below. By Lemma [7.31 there exists R > 0 
such that 


dc 2 (Si(p),S 2 (p))<R 


for allp G Ci. Now let p GC 1 and {a, 6} = dC 2 CiSi(p)S 2 (p) ordered a, Si(p), S 2 (p), b 
along the line Si(p)S 2 {p) (here it is possible for one of a or & to be 00 ). Then 


R>dc 2 (Si(p),S 2 (p)) 


\Si(P ) - ?j l 

\S 2 (p) - b\ 


= log 
+ log 


I Slip) - b \ I S 2 (p) - q| 
I Si{p) ^ a l I s 2 (p) - b \ 
1^2 jp) -a\ 

|S'i(p) -a|' 


We may assume that Si(p) ^ S 2 {p) because otherwise 8{p) = 00 . By possibly 
relabeling Si and S 2 we can also assume that 8{p) |Si(p) — ^(p)! = IS'i(p) — a|. 
Then 


R>d C2 {Si{p),S 2 {p))> log 

\Si ip) 


> log 


I'S'zCp) - Si(p)\ 

\Si(p)-a\ 


> log 


1 

6{p)' 
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Hence S(p) > e R . 

Thus S = XSi + (1 — A)S 2 is in Lin(Ci,C 2 ) T for every A G (—e~ R , 1 + e~ R ). □ 

8 . Proof of Proposition 11.51 and Theorem 11.61 

We begin by proving Proposition 11.51 whose statement we recall: 

Proposition 8.1. Suppose that fo : Mi —A M 2 is a non-constant projective map 
between two compact proper convex real projective manifolds. Then there exists a 
compact proper convex real projective manifold N and a surjective projective map 
p : Mi -A N with the following property: if f G [fo] then there exists a locally 
injective projective map f : N -A M 2 with f = f o p. 

We will need one lemma: 

Lemma 8.2. Suppose fi C P(R d ) is a proper convex open set and G < Aut(fi) is 
a subgroup. If G acts freely on f1 then G is torsion free. 

Proof. Suppose that g n = 1 for some g G G. For p G H let C p be the convex hull 
of the points {g z p : 2 G Z}. Then C v C H is compact, convex, and ^-invariant. So 
by the Brouwer fixed-point theorem g has a fixed point in C p . Since G acts freely 
on we see that g = 1. □ 

Proof of Provosition \8.1\ Assume Mi = Pi\Hi and M 2 = ^^ 2 - As in Proposi- 
tion !3.3l we can lift fo to a p-equivariant map To : Hi —A II 2 for some homomorphism 
P '■ Id —A T2- 

Let Ci and C 2 be proper convex open cones above Hi and CI 2 respectively. As 
in Section 0] we can lift each to a discrete group A, < Aut(Ci) which acts 
freely, properly discontinuously, and co-compactly on Ci. We can also lift p to 
a homomorphism r : Ai —> A 2 and To to a linear map So '■ Ci —> C 2 which is 
r-equi variant. 

By Proposition 13.31 U := kerSo is a Ai-invariant subspace and by Thereom 14.21 
there exists a Ai-invariant decomposition R dl+1 = U (BW and proper convex cones 
Cu C U and Cw C W such that Ci = Cjj + Cw Let pu '■ M dl+1 —A U and 
Pw : R dl+1 -A Ik be the natural projections and ttu '■ Ai —> GL(£/) and nw ■ Ai —> 
GL (W) be the natural restrictions. 

Now let V := SoO^ 1 " 1-1 ) th en 5 0 descends to a linear isomorphism So : W —> V 
which maps Cw into C 2 C\V. Moreover 

r((j))So{w) = T(<j>)So(u,w) = S 0 {(/> ■ ( u,w )) = S 0 (n w ((f)w) 

for cf> G Ai and ( u,w) G Cjj+Cw■ In particular, if 7 tw(4>) = 1 then t(4>)So{w) = 
Sq(w) for every w G Cw- Since A 2 acts freely on C 2 we see that if ttw{4>) = 1 
then r(</>) = 1. Thus there exists a homomorphism r : 7rjy(Ai) —A A 2 such that 
r = r o 7 rw ■ The above formula then implies that 

t(4>) o So = S 0 o (f> 

and the injectivity of So implies that t is injective. 

Now let 


G := {<p|v : (p G A 2 , <p(V) = V} < Aut(C 2 flV). 
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Since the action of G on C 2 Y\V is properly discontinuous and free we see that G is 
discrete and torsion-free. Then 

7riy(Ai) < S' 1 ((r o ttw)(Ai)) So < S^GSo 

is also discrete and torsion-free. Now let f 1w be the image of Cw in P(W) and 
Yw be the image of 7 Tw(Ai) in PGL(W). Since {e z Id : z £ Z} < 7 Tw(Ai) the 
group T w is discrete and torsion-free in PGL(W). Then N := Tw\^w is a proper 
convex real projective manifold. Moreover the map pw ■ C\ —> Cw descends to a 
projective map p : Mi N and so N is compact. 

Now suppose that / £ [fo] then we can lift / to a linear map S : C\ —> C 2 which 
is r-equivariant. We first claim that ker S' = ker So- Since Ai acts co-compactly on 
Ci and S , So are r-equivariant there exists R > 0 such that 

dc 2 (S(p),S 0 (p))<R 
for all p £ C 1 . Then if v £ kerS'o we have 

dc 2 (S(p) + tS{v), S 0 (p)) < R 

whenever p + tv £ C\. Which implies, by the properness of the metric dc 2 , that 
S(v) = 0. Thus kerSo C kerS. Switching the roles of So and S in the above 
argument shows that ker S C ker So- So ker S = ker So and there exists an injective 
linear map S : W —> R <i2+1 such that S = S o p w . Then S is r-equivariant and the 

map S : Cw — > C 2 descends to a map / : N —>• M 2 such that f = f op. □ 

We can now prove Theorem 11.61 whose statement we recall: 

Proposition 8.3. With the notation in Provo sition \1.5[ [fo] ^ {/o} */ and, only if 
either 

( 1 ) Aut(iV) is infinite 

(2) there exists a compact proper convex real projective manifold L and a con¬ 
tinuous locally injective map F : N x L -* M 2 such that 

(a) for any fixed £ £ L the map n £ N —>• F(n, £) is projective, 

(b) for any fixed n £ N the map £ £ L — > F{n, £) is projective, and 

(c) there exists to £ L such that jo(m) = F(p(m),£ 0 ) for all m £ Mi. 

Proof. We will freely use the notation from the proof of Proposition 18.11 Let 
Aw := Trw(Ai). 


Case 1: A w < GL(W) does not act irreducibly on W. Then by Theorem 14.21 
there exists a Aw-invariant decomposition W = W\ © W 2 and proper convex open 
cones Cw, 1 C Wi and Cw ,2 C W 2 such that Cw = Cw.i +Cw, 2 - Then, since this 
decomposition is Aw-invariant, we see that the group 


H := 


a Idwi 

0 


0 

bldw-2 


: a,b > 0 


is a subgroup of Aut(Cw) and centralizes Aw- Then the action of FI on Cw de¬ 
scends to a projective action on N and hence Aut (AT) is infinite. 


Case 2: Aw < GL(W) acts irreducibly on W. Suppose fo = f 0 °P- Let L := [/ 0 ] 
and F : N x L -A M 2 be the map given by F(n,£) = £{n). By Theorem II.31 

(1) L is a compact proper convex real projective manifold, 

(2) F is continuous, 
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(3) for any fixed l £ L the map n £ N — > F(n, t) is projective, 

(4) for any fixed n £ N the map t £ L — > F(n, €) is projective, and 

(5) f(m) = F(p(m ), / 0 ) for any m £ M t . 

It remains to show that F is locally injective. To see this lift F to the map 
F : £li x Proj(f2!, fl 2 ) p —t ^2 given by F(p,T) = T(p). Then it is enough to show 
that F is injective. So suppose that T) (p \) = T 2 (p 2 ) for some Pi,P 2 £ fJi and 
T\,T 2 £ Proj(fl 1 , fl 2 ) p . 

Given a subset A C P(R d+1 ) let (A) be the smallest projective subspace con¬ 
taining A. Notice that (T)(fii)} = (Tj(Ext(f2i))). Moreover, by Lemma [5.81 and 
the fact that 


T\{<j>-pi) =p(0)Ti(pi) = p{(j))T 2 {p 2 ) = T 2 {(f> ■ p 2 ) C (T 2 (fli)), 
we see that 


Ti(Ext(ni)) C (Ti(Sh)). 

Similarly, T 2 (Ext(fli)) C (T 2 (fli)). Thus T\ and T 2 have the same image. Let 
P = (T(fli)) = (T(fl 2 )). Now by the proof of Proposition 18.11 the maps Tj and 
T 2 yield r-equivariant maps T 1 : f l\y —>• U 2 fl P and T 2 : II w -A fl 2 D P. Notice 
that Ti, T 2 : P(IU) — > P are isomorphisms. Then $ = Tj 1 oT 2 : VLw —> Hw is an 
Tw-invariant map. We claim that $ = [Idjy]- To see this first observe that there 
exists R> 0 such that 


dn w (®(p),p) < R 


for all p £ Ovp. This follows from the fact that acts co-compactly on f lw- 
Then by Lemma 15.51 we see that 41(e) = e for every extreme point of Ilw- Now fix 
a basis v\,... ,Vk of IT such that [iq],..., [iq] are all extreme points of Itw Then 
with respect to this basis 4> is given by a matrix of the form 


$ = 


ai 


Oik 


Since 4> commutes with P^, preserves the projective subspace 


E x = [Span(i)j : a* = A)] 


for any Agl. But since T w acts irreducibly on P(IT) we must have that 


Oil — ■■■■= OL k 

and hence that 4> = [Idw]- But this implies that T\ = T 2 and hence that Tf = 
T 2 . □ 


9. Proof of Theorem 11.11 

Using Proposition 11.21 and Proposition II.51 it is enough to show: 

Lemma 9.1. Suppose /o : Mi —> M 2 is a locally injective projective map between 
two compact proper convex real projective manifolds. If M 2 is strictly convex then 
[fo] = {/o} • 
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Proof. Assume M\ = Fi\rii and M 2 = ^^ 2 - As in Subsection 13.11 we can 
lift fo to a map To : fii —> f ^2 and To is p-equivariant for some homomorphism 
p : Fi —> T 2 - Since fo is locally injective, To has full rank and hence is injective. 
Then since To is injective, so is p. 

We first claim that T 0 (9fli) C - Suppose not, then there exists some x £ dfli 
so that T 0 ( x) £ 0. 2 . Pick p n £ fR so that p n —>• x. Then there exists Rq > 0 so 
that 

dn 2 {To{p n ),T 0 {x)) < R 0 

for all neff. There also exists tp n £T 1 and Ri > 0 so that 

dOi(Fn,TnPl) < Ri 

for all n £ N. Notice that ip n —> 00 in PGLd 1+ i(K) because Aut(f2i) is a closed 
subgroup and x £ dCl. Then 

dn 2 (p(ip n )T 0 (p 1 ),T 0 (x)) < dnziTotpnp^^Totpn)) + dn 2 (T 0 (p n ),T 0 (x)) < R 0 + Ri- 

But r 2 acts properly discontinuously on tt 2 and so the set {p(tp n ) : n £ N} is finite. 
Since p is injective, the set {tp n : n £ N} is also finite which contradicts the fact 
that p n —> 00 in PGLd+i(R). Thus T 0 (dili) C dO. 2 - 

Given /1 £ [fo] we can lift /1 to a p-equivariant projective map T± : Sli 0,2- 
Since both To and T\ are p-equivariant and Fi acts co-compactly on fli we see that 
there exists R 2 > 0 so that 

dn 2 (T 1 (x),T 2 (x)) < R 2 

for all x £ fli. 

Next we claim that Tojanj = Tijooj. Fix a point x £ dfl and a sequence p n £ 
so that p n —> x. Suppose that y = T( x). Since y £ dfl 2 and fl 2 is strictly convex, 
y is an extreme point of Moreover, 

dn 2 (T 0 (p n ), Ti (p n )) < R 2 

for all n £ N. So by Lemma H l 51 we see that T\{x) = limn-^x, T\{p n ) = y. 

Finally we clam that To = T\. For a point p £ fli let i\ and l 2 be two distinct 
projective lines through p. Then 

Ti(p) = Ti(£i) n Ti(£ 2 ). 

However the projective line is completely determined by Tj(Fj n 9Hi) and 

Foldfii = T 1 \qq 1 . Hence we see that T 0 = Ti. □ 
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